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1. Introduction

The American style derivatives are an important class of finan-
cial instruments. Differently from their European analogues, the
American derivatives can be exercised at every moment before the
maturity. Thus their holder can insure the underlying asset for the
whole period. The growing scientific interest to such derivatives is
supported by the large number of publications in the recent years
- we refer to Park and Jeon [1], Kang et al. [2], Zhao and Yang
[3], Soleymani et al. [4], Chan [5], Detemple et al. [6], Armerin [7],
Li and Ye [8], Magirou et al. [9], Arregui et al. [10], Yang [11], Za-
evski [12], Gao et al. [13], Lu and Putri [14]. Differently from the
option’s buyer, the seller has no rights — he has only the obligation
to fulfill the contract when the buyer decides to exercise. On the
contrary, the game options give an early canceling right to the op-
tion’s seller too. He can terminate the contract during the option
life paying some penalty compensation which we assume to be a
constant.

Together with Kifer [15], several authors examine the behav-
ior of the cancellable puts. Ekstrom [16] considers the optimal re-
gions for a game put option using its value function. Pricing of
such options is viewed as a free boundary problem in Baurdoux

E-mail address: t_s_zaevski@math.bas.bg

https://doi.org/10.1016/j.chaos.2020.109858
0960-0779/© 2020 Elsevier Ltd. All rights reserved.

and Kyprianou [17]. Kallsen and Kiihn [18] and Kiihn [19] exam-
ine an incomplete market. Some other examples of game put op-
tions are presented in Kyprianou [20], and Suzuki and Sawaki [21].
A path-wise approach can be found in Kiihn et al. [22]. Hedging
strategies for evaluating the game options are used in Hamadéne
[23] and Y. Dolinsky and Kifer [24]. The relation between the game
options and the backward stochastic differential equations can be
find in Matoussi et al. [25]. Discounted perpetual game call options
are examined in Zaevski [26], whereas options with a proportional
penalty are studied in Zaevski [27].

In addition to the classical form of the option contracts we in-
troduce a discount factor. Another important characteristic we im-
pose is the lapse of maturity. In such a way the supplement of
discounting is the only factor which gives advantages for earlier
exercising. Also, it is well known that a model with a continuous
dividend payment can be described as a non-dividend model with
discounted payments.! Hence, we can assume that there are no
dividends keeping the model generality.

It is accepted in the present literature, that the cancellable puts
are simpler for examining than the corresponding calls. This is due
to the fact that the seller’s exercise region is either the empty set
or consists only of the strike. This is right, but not entirely. More

T This is proven in Zaevski [26].
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concretely, it is true when the risk free rate is positive. When it is
negative, the seller’s optimal region can be as complicated as the
call style seller’s region. It may seem that the negative risk free
rate is unnatural, but it appears when we convert a model with
dividend payments to a non-dividend one. More precisely, when
the dividend rate is larger than the risk free rate.

The approach we use to price game options is based on the so
called exercise boundaries. They are these critical values for the
underlying asset which make keeping the option more preferable
than the immediate contract implementation. If the asset price
falls enough it can be optimal for the buyer to exercise the op-
tion. Otherwise, if the asset is near to the strike and the penalty
is small enough it can be optimal for the seller to cancel the op-
tion. It turns out that these boundaries are some constants due to
the Markovian property of the underlying asset combined with the
lapse of a date at which the contract expires. We prove that the
area where the immediate exercise is optimal for the buyer is a
strip, whereas the seller’s optimal region can be a strip, a single-
ton or even the empty set.

To identify the exercise boundaries we use American style
derivatives with a random expiration date. Once we know the
boundaries and the corresponding regions we can use the first exit
and hitting properties to determine the option price.

Most of the results we derive are true for the finite maturity
case too. We confined our research assuming that the asset price
process is log-normal, but some of the results are true for an arbi-
trary Markov process too.

We organize the paper in the following way. In Section 2 we
state our model and prove some propositions related to the op-
timal regions. The pricing results for the game put options are
presented in Section 3. We validate our scheme by some nu-
merical examples in Section 4. The necessary propositions related
to the first exit time of the Brownian motion are presented in
Appendix A. We prove in Appendix B that the equations for the
exercise boundaries lead to unique values.

2. Exercise regions

Let the asset price be presented as a Markov process under the
filtered probability space (2, F, Ft, Q). We shall work directly un-
der the risk-neutral measure Q. We assume that the risk-free and
discount rates are the constants r and A, respectively. We men-
tioned above that after a change of the parameters values a model
with dividends can be stated as a non-dividend model. This fact is
proven as Proposition 2.3 in Zaevski [26]. Some values of the ini-
tial parameters can lead to a negative value for the risk-free rate.
Hence, the case r < 0 is admissible. There are two necessary con-
ditions for the discount rate: (A) it has to be non-negative, A > 0,
and (B) the aggregate discount rate has to be positive r+ A > 0.
Let the non-negative constant n > 0 presents the seller’s cancella-
tion penalty. We shall denote by the function N;(t, x) the amount
which the option’s seller has to pay if the buyer decides to exercise
at moment t provided that S; = x. Analogously, we denote by N(t,
x) the function which defines the amount which the seller owes
if he decides to cancel the contract. In such a way the payment
functions are

Ni(t,x) = e MK —x)"
Na(t.x) = e M((K-x)"+1). (2.1)
Also, we impose the following natural assumption.

Condition 2.1. If the underlying asset starts from a higher value,
then its future values are higher too.

Another important proposition which gives the option time de-
pendence is proven in Zaevski [26] as Proposition 2.2. It allows us
to examine only the case t = 0.

Proposition 2.1. If the option price can be presented as Y(t, S;), then
the function Y(t, x) satisfies the condition Y (t, x) = e~*Y (0, x).

Now we shall define the seller’s and buyer’s optimal strategies

Definition 2.1. Let t < T be some future moments. We can think
that the larger one presents a maturity. Let us denote by 7, 1| the
set of all stopping times with values between t and T. Let { € 7.1
be arbitrary. Then the seller's and buyer’s optimal strategies are
defined as follows.

1. The ¢-seller’s optimal strategy is denoted by A(¢; x) and it min-
imizes
e TC-ON(E, S )y <pe-.
Ef-"[ ) 1(5 )le<acs } (22)
+e TAGH)-ON, (A(C; ), sA({u))IA({;~)<{

2. Analogously, the ¢-buyer’s optimal strategy is defined as the
stopping time B({; x) which maximizes

. |:er(B(§:»)f)Nl (B({; . SB(;;-))IB(C;-)<§]

(23)
+e " CON (8, Se ) e e

We shall denote by Y and Y? the seller’s and buyer’s optimal
regions, respectively. We define them as follows.

Definition 2.2.

1. The point (t, x) is optimal for the buyer, (t, x) € Y?, if for an
arbitrary stopping time ¢; € T 1),

Ny (t, x) > E*X [e_r@]_t)Nl (€16 Iy <acerio }
> +e A ON (A5 ). Saey ey =c
(2.4)

2. The point (¢, x) is the seller’s optimal, (t, x) € Y3, if for every
stopping time 3 € T 1y,

N2 (t X) < Et’x |:er(B(§2;«)f)N] (B({Z, '), 53@2:_))13(;2;_)<§2i| (2 5)

+e GOy (82, 5, ) g, by

We shall prove now some propositions which describe the ex-
ercise regions Y? and Y.

Proposition 2.2. If x > K, then xg Y*.

Proof. Suppose that x > K and let t be the first moment at
which the asset hits the strike. This strategy leads to a seller’s
payment e~*Tp. Since r+ A >0, we have for its present value
E[e‘” e‘“n] < 1. Thus we can see that the strategy t is more fa-
vorable for the seller than immediate canceling. O

Proposition 2.3. If x € YY and 0 <y < x, then y € Y? too.

Proof. Note that x has to be lower than the strike, x < K. Let us
set the maturity at level T. Let A(¢; x) be the ¢-seller’s optimal
strategy for a buyer strategy ¢ € 7[0, T]. Using inequality (2.4) we
derive

N
o~ (r+A)¢ (1( _ 5;) Ir<accx)

+€_(T+K)A(§?x) ((K — SA(CX))_F + 77)’A(;;<)<;

X

< (K —x).
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Using that expectation (2.2) has a minimum for A(¢; y) and condi-
tion 2.1, we obtain

eI (K = S0) T caeyy
+e_(T+A)A(Z§Y) ((I< — SA({;y))+ + n)IA({;y)<{
(e (K = S¢) T cageny)

. +
+e*(r+)»)A({-.V) ((K — SA({;J/)) + U)IA(g':y)<§

- K=y

—EY

+EY [e—““)fe’\fS;I{SA(;;y) + e‘““)/‘(f?y>e’V‘(W)SA({;y)IA@;yk{] K

e~ (+M)¢ max ((e“ - 1)5; +K, e“S;)IgsA((;y)
+e*(r+)~)A(§§}’) max

- NS,y + 10
8‘<r+)‘)§ max ((e)hg — ‘l)s; + I(, eMS;)I{SA(g;X)
<E eMEN — )Sprm +K+1,
L~ (MMACH max (M ) )Sace) n P
e AN e +1) i

Me~(+)¢ max ((e** = 1)S; + K. e*S: )l acerny

X AA ;
<E Le~HMAEX) max ((e €0 —1)Sac +K + ”’)IA(CM ¢
- A + eM(g:X)SA(C:X) +1n o
e MK = S¢) Tecaieny

e CAG ((K ~Sacan) + ”)’A(c:mc

The last step is to take the limit T — co. O

— Ex - (K-x)<0.

Proposition 2.4. [fx € YSand x <y < K theny € T5.

Proof. Let again the maturity T be finite and ¢ € 7[0,T] be a
seller’s strategy. Let us denote by B({; x) the corresponding ¢-
optimal strategy for the buyer. Therefore inequality (2.5) gives us

|:e(r+/\)3(§:x) (K = Ssic) Taciny=c
) <

+e‘(r+}‘)§ ((I( — S§)+ + 77)14 <B(¢:x)

Using similar arguments as those in the proof of proposition 2.3,
we conclude

—(r+M)B(C; +
e~ HWBEW (K — Sp(ry)) Tpicay)=c

y
i
+e— (AL ((1( _ 5;) + ,7)1{(,3(;:”

:|3(K—x+n).

- (K-y+n)

—(K+7n)

- (K+n)

Proposition 2.5. When the risk free rate is positive, r > 0, the seller’s
optimal region is either empty, Y5 = @, or it is the singleton Y* = {K}.

=EY (eMED — 1)Speyy + K+ 1, -K
A<
—K

-K

Proof. In Proposition 2.2 is proven that (K, co) N Y = @. Suppose
now that x < K, x € Y5, and x is not the exercise boundary. Using
Proposition 2.3 we conclude that there exists a constant K; < x
which is not optimal for the buyer, K; ¢ Y®. Let us denote by ¢
the moment in which the underlying asset leaves the strip (Kj, K).
Proposition 2.3 leads to B(¢; x) > ¢. Hence

EX[e= M (K = S + 1)l gz + € TBEN (K = S ) gy <c ]
<E e (K-S, +n)] <K+n-x
which means that x¢YS. O

Note that in the terminal case n =0 Propositions 2.3 and
2.4 still hold. The following proposition gives the form of the exer-
cise regions in this case.

[ o—(r+1)B(C; *
o e (r+A)B(&:y) (I< — SB({;y)) IB({;)’)S;
= Y +
| +e (r+ >€<(K—S{) + 0)1;<B({:y>
LB [e*(r”‘)g({:Y)EAB(g;y)SB(;;y)IB({;y)s{ + e*(r+A)CeMS§I§<B(§:y)] —(K+7n)
— AB(C:y) — 1)S +K
- (e )Ssicm + K.
e~ (HMBE3Y) max <eAB(§;Y)SB({ ) Igyy=t
_p iy - (K
—(r+A)¢ (eu - 1)S§ +K+7, e
+e max &S, 41 I <scny
B ¢
— AB(E:X) _ 1)S K
B ) e B(¢:x) T K,
e~ (r+MBEX) max ((E?»B(i;x) Sae 3 € I(cxy<c
> EY *
+e~ M max (eM - I)S{ e I
i EMSC +n e
= AB(L:X) _ 1)§, K
~ ) e B(¢; K
e (HANE) max 5)\3({»()53(; ) o Ig(cx<¢
E* "
. (A (¢* = 1)S; +K+n.
+e max oS, 4 I <pen
- { -
[~ »—(r+A)B(¢; *
o e~ (r+A)B(C X)(K—SB({;X)) IB(C;X)§§ (K +7)>0
= B + - X =0
__|_e (r+A)¢ ((I< — S;) + 77)’4“ <B(¢:x)

It remains only to take the limit T — oo to finish the proof. O
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Proposition 2.6. If n =0 and x < K, then immediate exercising is
optimal for one of the participants.

Proof. Let the initial asset value belongs to the interval (A, B) for
some constants, A < x < B < K. Let us define a financial instrument
which pays amount of K — B if the asset leaves the strip (A, B) from
the upper boundary. If the exit happens from the lower boundary,
then the derivative has to pay amount of K —A. We shall denote
its price by f(A, B, x). Let us notate by B(A, x) the upper boundary
which minimizes the derivative value in the interval [x, K] assum-
ing that the lower boundary is A. Analogously, let A(B, x) be the
boundary which maximizes the derivative value in the interval (0,
x] provided that the upper boundary is B.

Suppose that the value x is not optimal for the seller, x ¢ Y.
Proposition 2.3 leads to the existence of B > x which satisfies

f(A(B.x).B.x) <K —x. (2.6)
Using that A(B, x) maximizes the derivative value, we see that
f(A.B.x) < f(A(B.x),B.x) <x—K (2.7)

for every A € (0, x]. Since the function B(A, x) minimizes the
derivative price, we can conclude that

f(A.B(A,x),x) < f(A,B.x) <x—K. (2.8)

This means that x € Y2, O
3. Pricing of cancellable puts

Assume now that the asset price is presented by the geometric
Brownian motion

dS[ = rSt + US[dB[. (31)

Proposition 2.3 shows that the form of the buyer’s exercise region
is TP = (0, A], whereas Proposition 2.4 shows that the seller’s ex-
ercise region has one of the following three forms - Y* = [B, K],
TS ={K}, or Y5 =

Suppose that the seller’s boundary is less than the strike, B < K
and the initial asset price is between the boundaries, x € [A, B].
Thus the problem of fair pricing of cancellable puts turns to a first
exit problem of a Brownian motion from a strip. Let us notate by
T4 and tp the first moments when the asset price reaches the lev-
els A and B, respectively. Hence, the first exit moment of the asset
from the strip [A, B] is T = t4 A 7B. Note that 74 and & are the
first hitting times of the Brownian motion with drift

r o
Y= 5 5 (3.2)
to the levels
A InA—Inx -0
o
B lnB—lnx_ (3.3)
o

Thus the price of the cancellable put turns to

e+ (K =S 5 4 n)ls_
f(A.B.x)=E (A o6 F M)l
+e~ (M)t (K — SIA)IIA<TE
= (K-B+ U)EX I:e—(rJr)»)rBITBSTAiI +(K _A)Ex[e*(r+)»)rAIIA<TEi|‘
(3.4)
From now on we shall use the following notations
_¥v
o’
N + A roo1\* _r+i
\/ \/(02_2> 2l (3.5)

g=c+u, and p=2c. Obviously, c> u+1 or equivalently p >
q + 1. We have equality in the undiscounted case A = 0. Note that
r > 0 if A =0. The Laplace transforms of the first exit time of the
Brownian motion from a strip are given by Eqs. (A.3) and (A.4).2
Thus we conclude that Eq. (3.4) transforms to

e AA sinh(crcé)
T2 = (K= e (oc(B-A))
sinh(—acA)

_ vB_ "\ "
e b (oc(B—4))
e2c(lnB—lnx) -1

= (K —A)elc—m)nx-InA)=______—
= (K—A)e e2c(nB—InA) _ |

2c(Inx—InA
(c+p)(InB-Inx) € c(nx-Ind) 1
e2c(InB-InA) _ 1

q
A\ B —x B\xP — AP
- (K—A)() Bp_Ap+(1<—B+n)<;) Tl

+(K—B+n)e

. (3.6)

Let us fix the upper boundary B. We shall use the following change

of variablesa = 4, k=%, y=% and § = J. Hence 0 <a < 1 < k.

Thus Eq. (3.6) transforms to

B (k—a)a?(1 —yP) + (k—1+8)(yP —a)
1—ar

We have to derlve the value of the variable a which maximizes the

function

g(a;y)

f(A,B,x) = (3.7)

_ k-a)a’(d —y")+(k—1 +&)(yP—a?)

(3.8)
_ —aP(k=1+&)- aq“(] —yP)+a%k(1-yP)+yP (k— l+$)
- 1—ap

Calculating its derivative, we obtain

_yP __ap+1 A D _
8@ =4 ;yp)z « 1[ e T4y Salg e 1) ak }
(3.9)
We show in Appendix B.2 that the equation
—a"'(p-q-1)+a’k(p-q)
—aP9ptk—-1+&)—a(@+1)+qk=0 (3.10)

has a unique root in the interval (0, 1) which we shall notate as
a(B). It is independent of the variable y and depends on B via k and
&. The function g(a; y) has a maximum in this point, since deriva-
tive (3.9) is positive before the root and negative after it. Hence,
the buyer’s strategy has to be the first hitting time to the value
A = a(B)B if the seller waits the asset to hit the level B.

The next step is to examine the exercise boundary of the seller.
Let us fix the lower boundary A and make an analogous change
of the variables - b= & It k=X A y=% and & = %. We have that
1 < b. Hence, Eq. (3.6) transforms to

FA B A(k DA DESUS ES)LIUES Vet
The b—derlvatlve of the function g( - ; ),
k—1)(bP —yP k—b bi(y? — 1
gy = K= DO ik FEbY ) (312)
is
y-1 -1
b;y) = ——b1
gb( y) (bp—l)z
bPH 1 (p—q—1)-bP(k+&)(p—q) (313)
+bPip(k—1) +b(q+1) —qk+&) |

Suppose that the discount factor really exists, i.e. A > 0. We show
in Appendix B.1 that the equation

2 (3.0.5 a & b) from Borodin and Salminen [28].
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b (p—q—1) — bP(k+&)(p—q) +bPIp(k— 1)

+b(g+1)—qk+&)=0 (3.14)

has a unique root larger than 1 and we shall notate it by b(A).
Function (3.11) has its minimum in it. Hence, if the buyer exercises
when the underlying asset reaches the level A, then the seller’s
best strategy is to cancel the contract at the first time when the
asset takes value B = b(A)A. Ergo, we can derive our candidate for
the seller’s exercise boundary solving the equation

a(y)b(ya(y)) = 1. (3.15)

Accordingly, we obtain the buyer’s optimal boundary as A = a(B)B,
where B is the root of Eq. (3.15).

First, we shall investigate the case when the received value of
the seller’s boundary is below the strike, B < K. In such a way the
optimal regions take the form YT? = [0, A) and Y = [B, K]. We
conclude that: (1) if the initial asset price is less than the buyer’s
boundary, x < A, then the option price is K —x; (2) if x € [A, B],
the option price is obtained by Eq. (3.6); (3) if x € [B, K], then the
option price is K —x+n; and (4) if K < x, then the seller cancels
when the asset reaches the strike and therefore the option price is

EX[e%HW((S, K+ n)lf@o] _ nEx[e—omfIkw] _ n(%)%
(3.16)

The last formula is obtained using Eq. (A.2) from Proposition A.1.

It may happen that the solution of Eq. (3.15) is larger than
the strike, because we had changed the seller’s payment from
(K-B)"+n to K—B+7 in formula (3.4). We had done this to
make it differentiable. We prove in Proposition 2.2 that it is never
optimal for the seller to cancel the option if the initial asset price
is above the strike. Hence, the true seller’s optimal region is either
the singleton {K} or the empty set. We have to recognize which
case is actual. The seller has two choices - either to cancel the op-
tion when the underlying asset hits the strike or to do nothing. In
the second case the cancellable put turns to an ordinary American
put. In Zaevski [12] is shown that its optimal boundary is

A= g

q+1
Assuming that the asset starts from the strike, x = K, we see that
the American put price is>

_ K ( q )q
77_q+l q+1/) -

If the seller chooses to cancel the option immediately he has to pay
amount 7. So, we can see that its optimal region is the singleton
{K} when 1 <7, and it is the empty set otherwise. In the first case
we can proceed similarly to the case B < K, whereas in the second
case we have an ordinary American put.

Suppose now that the game option is without discounting, i.e.
A =0. Thus we have r > 0. In appendix B.1 we prove that deriva-
tive (3.13) is negative in the whole interval (1, oo). This means that
price function (3.11) is minimized for B = co. Hence, it is actual the
case when the derived boundary is larger than the strike. This cor-
responds to Proposition 2.5. We had examined this case above.

We resume the obtained results for the cancellable puts in the
following theorem.

(3.17)

(3.18)

Theorem 3.1. Let the boundaries which produces our algorithm be A
and B. We shall denote by Y the price of the cancellable put. We have

1. When B <K, the optimal regions are Y5 =[B,K] and Yb =
(0,A]. The price of the cancellable put is obtain as

3 See again Zaevski [12].

(a) If x > K, then

Y = n(g)q. (3.19)
(b) If B<x <K, then
Y=K—-x+n. (3.20)
(c) IfA<x<B, then
= (K- Z)( ) B _Xp+(1<—3+n)<§)q;z:’;.
(3.21)
(d) If x < A, then
Y =K—x. (3.22)

2. If K <B, then
(a) if n =7, then the cancellable put turns to an ordinary Amer-
ican put and the exercise regions turn to YS=¢ and Yb =
(0, A*]. Equation (3.17) determines the buyer’s optimal bound-
ary A*. If the asset starts below this value, x € Y = (0, A*],
then the option price is (3.22). Otherwise, we derive it as

+1

(1) )
X q+1

When n <7, the seller’s optimal region is a singleton, Y =
{K}. The corresponding buyer’s exercise region is Tb = (O,E],
where the value of A is derived as A = Ka(K) where a(K) is the
root of function (3.13).
If the asset starts above the strike, then formula (3.19) deter-
mines the option price. If x € (A, K), then formula (3.21) gives
the option price. Finally, if the asset starts from the buyer’s ex-
ercise region, x < A, then the price of the option is obtained by
formula (3.22).

(3.23)

—~
o
RNuid

Remark 3.1. We had proved in Proposition 2.5 that if the risk free
rate is positive, then the seller’s exercise region is either empty or
it is the singleton {K}. Hence, the second case of Theorem 3.1 holds.

4. Numerical results

We discuss in this section the behavior of the cancellable puts.
As we mentioned above, it is quite different if the risk free rate
is positive or negative. First we suppose that it is positive and
has a value r = 0.05. This means that the seller’s optimal region
consists only of the strike or is empty. The other parameters are
o =0.3, K=$10, and x = $8. The penalty amount is set to be be-
tween zero and $5. We vary the discount rate between 0.001 and
0.1. We present the results at Fig. 1. At the first graphic, sub-Fig.
1a, is presented the buyer’s optimal boundary, whereas at sub-
Fig. 1b is presented the behavior of the option prices. With green
points are marked the critical values 77 given by Eq. (3.18). When
the penalty is larger than 77, the cancellable puts turn to ordinary
American puts.

For some particular values we present the option prices in
Table 1. We place right to the prices the case of Theorem 3.1 which
holds. We can see that the prices are decreasing w.r.t. the initial
asset value, whereas they are non-decreasing w.r.t. the penalty 7.
Also, after the critical value the option prices do not depend on
the penalty, because for a large enough penalty, the options be-
come American.

We examine also the case when the risk free rate is negative,
r=-0.05. Since r+ A > 0, we vary the discount rate A between
0.051 and 0.1. Differently to the positive case, we examine penal-
ties in the interval n € (0, 10). We mark by red the values of the
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0.1

(a) Seller’s boundary, r = 0.05

(c) Seller’s boundary, r» = —0.05

(e) Price of a game put option, r = —0.05

(d) Buyer’s boundary, r = —0.05

buyer
seller

5 ] 7 8 9 10

(f) Both boundaries, r = —0.05, A = 0.1

Fig. 1. The optimal boundaries and the option prices: r = £0.05, o = 0.03, K =10, Sp = 8, A € (0.001, 0.1) ( € (0.051, 0.1) if r = —0.05), n € (0, 5)(n € (0, 10) if r = —0.05).
At Fig. 1e the discount factor is A = 0.1. The red and green points are the penalty critical values at which the option changes its behavior. (For interpretation of the references

to colour in this figure legend, the reader is referred to the web version of this article.)

penalty n above which the boundary B is larger than the strike K.
In such a way the actual case of Theorem 3.1 changes from the
first to the second one. The points marked by green presents again
the values of 77 from Eq. (3.18). In that way before the red points
the seller’s optimal region is the strip [B, K], between the red and
green points it is the singleton {K}, and after the green points it
is the empty set and thus the game option turns to an ordinary
American put. At sub-Fig. 1e are presented jointly the seller's and
buyer’s boundaries when A = 0.1. The corresponding critical val-
ues (marked again by red and green) are 1.0537 and 4.1404, re-
spectively. We can also find a validation of Proposition 2.6 in this

sub-figure - when the penalty n tends to zero, both boundaries
tend to one and the same value. We give the price behavior of
the cancellable puts in sub-Fig. 1d. In Table 2 are reported the
option prices for the following values of the parameters. The ini-
tial asset price is taken to be x € {7, 8, 9, 10, 11}, the penalty is
among 1 € {0.001, 1, 2, 3, 4}, and the discount rates are A € {0.051,
0.06, 0.15}. Note that r+ A > 0. We can see that for large values
of the penalty, the derived seller’s boundary is above the strike
and therefore the second case of Theorem 3.1 holds. Also, the can-
cellable puts turn to ordinary American puts when the penalty is
sufficiently large.



Table 1
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Put option prices: r = 0.05. To the right of the price is the actual case of Theorem 3.1.

Initial price Sop =7

1n =0.001 n=1 n=2 n=3 n=4
A =0.001 3.0000/2.a 3.0245/2.b  3.3163/2.b  3.4402/1.b  3.4402/1.b
A =0.01 3.0000/2.a  3.0193/2.b  3.2915/2b  3.3599/1.b  3.3599/1.b
r=0.1 3.0000/2.a  3.0000/2.a  3.0445/1.b  3.0445/1.b  3.0445/1.b
Initial price Sp =8
n =0.001 n=1 n=2 n=3 n=4
A =0.001 2.0000/2.a  2.2224/2b  2.7722/2b  29617/1b  2.9617/1.b
A =0.01 2.0000/2.a  2.2131/2.b  2.7493/2.b  2.8580/1.b  2.8580/1.b
A=0.1 2.0000/2.a  2.1431/2.b  2.3679/1.b  2.3679/1.b  2.3679/1.b
Initial price So =9
n =0.001 n=1 n=2 n=3 n=4
X =0.001 1.0000/2.a 1.5622/2.b  2.3456/2.b  2.5952/1.b  2.5952/1.b
A =0.01 1.0000/2.a 1.5560/2.b  2.3320/2.b  2.4779/1b  2.4779/1.b
A=0.1 1.0000/2.a 1.5045/2.b  1.8971/1.b  1.8971/1.b  1.8971/1.b
Initial price Sp = 10
n =0.001 n=1 n=2 n=3 n=4
A =0.001 0.0010/2.c 1.0000/2.c  2.0000/2.c 2.3060/1.b  2.3060/1.b
1 =0.01 0.0010/2.c 1.0000/2.c  2.0000/2.c 2.1810/1.b  2.1810/1.b
A=0.1 0.0010/2.c 1.0000/2.c 1.5559/1.b  1.5559/1.b  1.5559/1.b
Initial price Sp = 11
n =0.001 n=1 n=2 n=3 n=4
A =0.001 0.0009/2.d 0.8986/2.d 1.7972/2.d  2.0722/1.b  2.0722/1.b
A =0.01 0.0009/2.d  0.8909/2.d  1.7819/2.d 1.9431/1.b  1.9431/1.b
=01 0.0008/2.d  0.8358/2.d  1.3004/1.b  1.3004/1.b  1.3004/1.b
Table 2

Put option prices: r = —0.05. To the right of the price is the actual case of Theorem 3.1.

Initial price So =7

n =0.001 n=1 n=2 n=3 n=4
A =0.051 3.0010/1.b 4.0000/1.b 5.0000/1.b 6.0000/1.b 6.8529/1.c
A =0.06 3.0010/1.b 4.0000/1.b 4.9501/1.c 5.5321/2.b.2 5.9839/2.b.2
A =0.15 3.0010/1.b  3.3274/2.b.2  3.6184/2.b.2  3.9151/2.a.2 3.9151/2.a.2
Initial price Sp =8
n =0.001 n=1 n=2 n=3 n=4
A=0051 2.0010/1.b  3.0000/1.b 4.0000/1.b 5.0000/1.b 5.9827/1.c
A =0.06 2.0010/1.b 3.0000/1.b 4.0000/1.b 4.7835/2.b.2 5.3922/2.b.2
A=0.15 2.0010/1.b 2.5763/2.b.2 3.0559/2.b.2 3.5321 [2.a.2 3.5321 [2.a.2
Initial price So =9
n =0.001 n=1 n=2 n=3 n=4
A =0.051 1.0010/1.b 2.0000/1.b 3.0000/1.b 4.0000/1.b 5.000/1.b
A =0.06 1.0010/1.b 2.0000/1.b 3.0000/1.b 3.9413/2.b.2 4.7325/2.b.2
A=0.15 1.0010/1.b 1.8114/2.b.2 2.5253/2.b.2 3.2255/2.a.2 3.2255/2.a.2
Initial price Sp = 10
1n =0.001 n=1 n=2 n=3 n=4
A =0.051 0.0010/1.b 1.0000/1.b 2.0000/1.b 3.0000/1.b 4.0000/1.b
A=006  0.0010/1.b  1.0000/1.b 2.0000/1.b 3.0000/2.b.2  4.0000/2.b.2
A=0.15 0.0010/1.b 1.0000/2.b.2 2.0000/2.b.2 2.9738/2.a.2 2.9738/2.a.2
Initial price Sp = 11
n =0.001 n=1 n=2 n=3 n=4
A =0.051 0.0010/1.a 0.9990/1.a 1.9980/1.a 2.9970/1.a 3.9960/1.a
A =0.06 0.0010/1.a 0.9905/1.a 1.9809/1.a 2.9714/2.b.1 3.9619/2.b.1
A =0.15 0.0009/1.a  0.9291/2.b.1 1.8583/2.b.1  2.7631/2.a.2 2.7631/2.a.2
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5. Conclusion

In this article we examined cancellable puts. We introduced
also a discount factor which allows us to price options whose un-
derlying asset pays a continuous dividend. We first derived the
early exercise regions for both participants. It turns out that these
regions strongly depend on the particular values of the parame-
ters. We derived the equations, which the exercise boundaries sat-
isfy, maximizing the buyer’s and seller’s financial expectations. We
proved that these equations have unique roots. The obtained re-
sults for the exercise regions and the corresponding option prices
are presented in Theorem 3.1. We gave as examples some numer-
ical results. The parameters values are chosen in a way to include
all different cases — positive and negative risk-free rates, large and
small penalties and discount rates. All of the reported results vali-
date the consistency of the proposed pricing model.
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Appendix A. First exit propositions

Proposition A.1. The Laplace transform of the first hitting time, T, of
a Brownian motion with drift u to the level a is

- u2+2y—u)a
_e

E[e” I o] (A1)
when a > 0, and
E[e ] = oV (A2)

when a < 0.

Proposition A.2. Let us notate by t the first exit time of a Brownian
motion with drift u from a strip (a, b). Then its Laplace transforms
are given by the formulas

sinh (b W+ uZ)

E[e? lr—q] = e (A3)
sinh ((b —a)/2y + /L2>
sinh (—a,/Zy + Mz)
E[e? l,_p] = et (A.4)

sinh ((b - a)\/m) '

Appendix B. Uniqueness of the solutions
B1. Seller’s boundary

We shall prove that, except in the undiscounted case, derivative
(3.13) has just one root larger than one. Let the function h( - ; - )
be

h(b:&) = b (p—q—1) —b"(k+&)(p—q)
+bPip(k—1)+b(q+1) —qk+&). (B.1)

We shall examine first the undiscounted case, A = 0. We know that
p = q+ 1. Thus function (B.1) transforms to

h(b; &) = b1 (k+ &)+ b(q+ Dk —qk+&). (B.2)
Its first derivative is
hy(b; &) = —bI(q+ 1) (k+ &) + (g + k. (B.3)

Obviously, it is negative in the whole interval b € (1, oo) and
therefore the function h(b; &) is decreasing. Therefore the equation
h(b; £) = 0 has no roots larger than one, since h(1;£) = —p& < 0.

Assume now that p > g+ 1. We change the variable as d = %.
Thus the function h(b; &) turns to

h(d: £) = 1 [—dl’“q(k+5) +dP(q+1)+d* pk - 1)].
drit| —d(k+&)(P-9)+(P-q-1)
(B.4)
Let us define the function h(-;-) as
h(d; &) = —d""'q(k+&) +dP(q+ 1) +d* ' p(k — 1)
—dk+&)p-q)+(-q-1). (B.5)
Its first derivative is
ha(d: &) = —dP(p+1)q(k+&) +d" 'p(q+1)
+d(q+ Dpk=1) = (k+&)(p—9). (B.6)

We shall continue with the case & =0. Note that hy(d:§) <
hy(d; 0). We have for the second derivative of function (B.5)

~dP9(p+ 1)gk
+dP N (p -1 (@+ D) +a(@+ Dk-1) ]
(B.7)

hgq(d; 0) = dq-lp[

Let us investigate the function I( - ),

I(d) = —dP9(p+ D)gk+dP " (p—1)(q+ 1) +q(q+ 1) (k—1).
(B.8)

Its derivative is

ly(d) =dP92[—d(p—q)(p+1)gk+ (p—q—1)(p— 1) (g + 1)].
(B.9)

Let us denote by d the positive root of function (B.9)

g P—a-D®-DH@+1
(P—q)(p+1)gk

Suppose first that d > 1. We have that the derivative I,(d) is posi-
tive in the interval (0, 1) and therefore the function I(d) is increas-
ing. Since /(0) > 0, the function I(d) is positive. Hence, the deriva-
tive hy(d; 0) is increasing. Since hy(1;0) =0, it is negative in the
interval (0, 1). Therefore hy(d; £) < hy(d: 0) < 0. So, the function
h(d; &) is decreasing. Since h(0;£)=p—q—1>0 and h(1;&) =
—&p < 0, the equation h(d; £) = 0 has only one root in the interval
(0, 1).

Suppose now that d < 1. Therefore Iy(d) > 0 for d <d and
lg(d) < 0 for d > d. Since I(0) > 0, the function I(d) starts from

(B.10)
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the positive value, increases to a maximum and then decreases.
If I(1) > O, then the previous case holds. Suppose that I(1) < 0.
Hence, the function hy,(d; 0) is first positive and after that neg-
ative. So, the function hy(d;0) starts from the negative value
hq(0;0) = —k(p — q) increases to a positive maximum and then
decreases to zero staying positive. Therefore the function h(d; 0)
starts from the positive value p—q— 1 decreases to a negative
minimum and then increases to zero. We know that if the function
h(d; 0) decreases, then h(d; &) decreases faster, since hy(d; &) <
hq(d; 0). Also, if h(d; 0) increases, then h(d; £) increases slower or
decreases. Thus we can conclude that the equation h(d; £) = 0 has
only one root in the interval (0, 1).

Therefore the equation h(b; £) = 0 has only one root larger than
one, since b= 1.

B2. Buyer’s boundary

We shall prove that derivative (3.9) has only root in the interval
(0, 1). Let h( - ; - ) be the function

h(@;§) = —a"*'(p—q—1) +a’k(p—q)
—aPipk—-1+&)—a(qg+1)+qk. (B.11)

We investigate the undiscounted case p =q + 1 first. The function
(B.11) transforms to

h(a; &) =a’k —ap(k+ &) + (p— k. (B.12)
Its derivative
he(a: §) = p(aP 'k —k— &) (B.13)

is negative in the interval (0, 1) and therefore the function h(a; &)
is decreasing. Since h(0;£) = (p—1)k>0 and h(1;£)=-£p <0,
the equation h(a; £) = 0 has a unique root.
Assume now that p > q + 1 and therefore the derivative of func-
tion (B.11) transforms to
he(a;§) = —a’(p+1)(p—q—1) +a” " pk(p - q)
—a" N (p-q)pk—1+&) - (q+1). (B.14)
We shall investigate the case & = 0. We have hy(a; &) < hg(a; 0).
The second derivative of function (B.11) is
hae(a; 0) = aP~92p
X[—aq+‘(p+ D(p-q-1)+a(p-Dk(p— q)}
—-P-q-DH(P-qk-1)

(B.15)
Let the function I(a) be
@) = -a™'(p+1)(p-q—1)+a?(p—k(p - q)
-(P—q-D(p-q)(k-1). (B.16)

It has a derivative

la(@) =a"'[-a@+ P+ 1)(p-q—1)+q(p - D)k(p - )]
(B.17)
which root is
q(p— Dk(p—q)
@+D(P+DH(Pp-q-1)
Suppose that a > 1. Therefore the derivative I4(a) is positive in the
interval (0, 1). Hence, the function [(a) is increasing. We have that

I(0) < 0. Suppose that I(1) < 0. Then hg(a; 0) is decreasing and
therefore it is negative, since hq(0;0) = —(q+ 1) < 0.* Otherwise,

i= (B.18)

4 In fact this case is possible only if £ > 0.

if [(1) > 0, then the function hy(a; 0) starts from the negative value
ha(0;0) = —(q+ 1), has a minimum and then increases to zero.
Therefore hq(a; 0) < 0 and thus the derivative hq(a; &) is nega-
tive too. Hence the equation h(a; §) =0 has only one root since
h(0;)=qk>0and h(1;§) =-&p < 0.

Suppose now that @ < 1. Then the function I(a) starts from a
negative value, increases to a maximum for a =a and then de-
creases. If (@) <0 or I(1) > 0, the previous case holds. Suppose
that I(a) > 0 and /(1) < 0. Therefore the derivative hq(a; 0) starts
from the negative value hy(0;0) = —(q + 1), decreases to a nega-
tive minimum, increases to a positive maximum and after that de-
creases to zero. In that way hy(a; 0) is first negative and then pos-
itive. Therefore the function h(a; 0) starts from the positive value
h(0; 0) = gk, decreases to a negative minimum, and increases to
zero after that. The fact that hq(a; &) < hqe(a; 0) means that when
the function h(a; 0) decreases, the function h(a; &) decreases faster.
Also, if h(a; 0) increases, then h(a; £) increases slower or decreases.
Thus we can see that the function h(a; &) has only one root.
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